1. Introduction {#sec0005}
===============

Bitcoin is a cryptocurrency or virtual currency that was introduced on October 31, 2008, by a group of programmers under the pseudonym Satoshi Nakamoto[1](#fn0005){ref-type="fn"} ([@bib0295]). Since then, it has shown an unpredicted growth, in both volume and value, and has now become a standard media payment over the internet ([@bib0170]). An increasing number of providers of goods and services, -legal and illegal- trade in Bitcoins ([@bib0085]). On the other hand, the high yield offered by this asset[2](#fn0010){ref-type="fn"} in some periods, for instance, from 2014 to 2017, where the growth was almost exponential, has attracted the attention of many investors.[3](#fn0015){ref-type="fn"} So, the demand for this currency has increased not only because of its use in transactions, but as a form of savings. Some authors note out that Bitcoins are primarily regarded as assets rather than currency ([@bib0015]; [@bib0090]; [@bib0145]).

The spectacular growth of Bitcoin's price since its introduction has attracted significant attention from the academic world. A large number of papers have been published focusing on descriptive analysis of the Bitcoin network ([@bib0395]; [@bib0215]; [@bib0230]). Other studies have analyzed the efficiency of the Bitcoin market[4](#fn0020){ref-type="fn"} ; see, for instance, [@bib0025]; [@bib0080]; [@bib0020], and [@bib0290]. These authors note that the Bitcoin market was not weakly efficient in the initial years, from 2011 to 2013, but tends to be efficient since then. Other studies have analyzed the determinants of the Bitcoin price. The academic literature in this area has identified several factors that affect Bitcoin's price: (i) market forces of Bitcoin supply and demand, (ii) Bitcoin attractiveness for investors, (iii) macroeconomic and monetary factors, and (iv) factors related to security. Over this topic, many studies conclude that Bitcoin's price neither depends on economic factors nor the monetary factors, but rather on speculative and supply and demand factors (see [@bib0115]; [@bib0050], Chead and Fry, 2015, [@bib0165]; [@bib0015]).[5](#fn0025){ref-type="fn"}

Other studies have focused on analyzing the statistical characteristics of the Bitcoin returns. On this topic, the literature notes that Bitcoin's return probability distribution is different from the traditional currency distribution, which is more similar to the normal distribution. However, Bitcoin's return probability distribution is skewed and exhibits a high degree of kurtosis. In this sense, the Bitcoin distribution is more similar to the distribution of traditional assets (stocks, bonds, and commodities), although it exhibits a higher average return, higher volatility, and fatter tail[6](#fn0030){ref-type="fn"} , which means that investing in Bitcoin involves greater risk than investing in traditional assets ([@bib0170]).

There is also a group of studies that have analyzed the links between the Bitcoin market and the stock markets. These studies have produced two strands of the literature. The first strand posits the strong relationship between the Bitcoin and stock markets ([@bib0225]; [@bib0070]). The second strand of the literature describes a weak relationship between Bitcoin and stock markets, so that Bitcoin may act as a hedge asset against the stock price movements ([@bib0265]; [@bib0250]; [@bib0260]; [@bib0175]; [@bib0055], [@bib0060]; [@bib0085]; [@bib0150]; and [@bib0140]). Therefore, as argued by [@bib0370], the literature to this regard is not only immature but also not conclusive.

In this study, we analyze the ability of Bitcoin to act as a diversification asset and hedge against stock assets risk. The motivation for this study is that, as the literature points out, stock markets are exposed to macroeconomics factors, such as government fiscal or monetary policy. However, Bitcoin's price might not depend on such factors, but rather by speculative and supply and demand factors. The fact that these markets depend on factors so different opens the possibility for the Bitcoin market to be a source of diversification against the risk of the stock markets.

The above-cited papers study the ability of Bitcoin to act as a diversifying or hedging asset using the Dynamic Conditional Correlation (DCC) model. This model might not be appropriate for measuring dependence on whether the bivariate normality assumption on the joint distribution does not hold. In addition, this method helps us in examining the dependence structure between markets when there exists a linear relationship between the marginals of the series under study. However, when the relationship between the marginals is not linear, this model will not be able to return the correct results. Taking this into account, we conduct our study through a copula analysis that appropriately describes the dependence structure between financial assets (e.g., [@bib0095]; [@bib0180]; [@bib0240]; [@bib0245]; [@bib0280]). Moreover, we conduct a constant and time-varying copula model, which allows us to assess the time-varying nature of the diversifier and hedge properties of Bitcoin.[7](#fn0035){ref-type="fn"}

There are at least three advantages to using copulas for analyzing the dependence: 1) the copula method can capture the complex and non-linear dependence structure of a multivariate distribution; 2) the marginal behavior and the dependence structure are separated by the framework of copulas, facilizing both the model specification and the model estimation (the estimation can be performed in separate steps for the marginal models and copula functions); and 3) copulas are invariant to increasing and continuous transformations ([@bib0305]), such as the scaling of logarithm returns, which are commonly used in economics and finance studies.

The objectives of the study are: first, to understand the relationship, if any, of the Bitcoin market with the major stock markets in the world; second, to establish the importance of copula functions with respect to linear correlation coefficients in understanding this relationship; and third, to analyze the possibilities of diversification and hedge that Bitcoin market offers to investors.

Our paper contributes to the literature in several ways. This paper is one of the first studies to use time-varying copula models for assessing the properties of Bitcoin as a diversifier and hedge asset. Further, the study is very comprehensive, since it includes a large number of international stock markets from different geographic areas, including the Chinese stock market.

The rest of the paper is structured as follows. In Section [2](#sec0010){ref-type="sec"}, we describe the methodology used to assess the study. The data set is introduced in Section [3](#sec0035){ref-type="sec"}. Section [4](#sec0040){ref-type="sec"} presents the empirical results. Finally, Section [5](#sec0065){ref-type="sec"} concludes this paper.

2. Methodology {#sec0010}
==============

To analyze the structure dependence between Bitcoin and the stock market indices, we have used a copula analysis. This section provides a brief review of the methodology.

To estimate the parameters of the copula, we follow [@bib0335] and implement a two-stage procedure. In the first stage, we fit an APARCH model to the univariate return series and obtain the standardized residuals for each series. In the second stage, we use standardized residuals to estimate the different copula functions.[8](#fn0040){ref-type="fn"} In the following lines, we first review the volatility specification APARCH, and then we review the copula models.

2.1. APARCH model {#sec0015}
-----------------

The APARCH model (Asymmetric Power ARCH model) was proposed by [@bib0135]. This model can well express volatility clustering, fat tails, excess kurtosis, the leverage effect, and the Taylor effect. The latter effect is named after [@bib0360] who observed that the sample autocorrelation of absolute returns was usually larger than that of squared returns. The APARCH equation is,$$\sigma_{t}^{\delta} = \omega + {\sum\limits_{i = 1}^{q}{\,\alpha_{i}\left. \left. ( \middle| \varepsilon \right._{t - i} \middle| + \gamma_{i}\varepsilon_{t - i}) \right.^{\delta}}} + {\sum\limits_{j = 1}^{p}{\beta_{j}\sigma_{t - j}^{\delta}}}\,$$where $\omega$, $\alpha_{i}$, $\gamma_{i}$, $\beta_{j}$ and $\delta$ are additional parameters to be estimated. The parameter $\gamma_{i}$ reflects the leverage effect ($- 1 < \gamma_{i} < 1$). A positive (resp. negative) value of $\gamma_{i}$ means that past positive (resp. negative) shocks have a deeper impact on current conditional volatility than past negative (resp. positive) shocks. The parameter $\delta$ plays the role of a Box-Cox transformation of $\sigma_{t}$ ($\delta > 0$).

The APARCH equation is supposed to satisfy the following conditions, *i*) *ω \>* 0 (since the variance is positive), $\alpha_{i} \geq 0,\, i = 1,\, 2,\,...,\, q$, $\beta_{j} \geq 0$, $j = 1,\, 2,\,...,\, p$. When $\alpha_{i} = 0$, $i = 1,\, 2,\,...,\, q$, $\beta_{j} = 0$, $j = 1,\, 2,\,...,\, p$, then $\sigma^{2} = \omega$, *ii*) $0 \leq {\sum_{i = 1}^{q}{\alpha_{i} + {\sum_{j = 1}^{p}\beta_{j}}}} \leq 1.$ The APARCH is a general model because it has great flexibility, having as special cases, among others, GARCH and GJR-GARCH models.

2.2. Copulas {#sec0020}
------------

We derive the dependence structure between two time series via copula modeling, examining the dependence between the marginal distribution of the standardized innovations, that we assume ST-APARCH(1,1).[9](#fn0045){ref-type="fn"}

Let $X_{1},X_{2},\,\ldots,X_{n}$ be a set of random variables with a marginal distribution function given by $F_{i}(x_{i}$), where $F_{i}\left( x_{i} \right) = \text{P}r(X_{i} \leq x_{i}$) for $i = 1,\ldots,n$. A copula is a function that joins (or couples) the univariate distribution functions to a multivariate distribution function $(F)$, as denoted by $C$ in the equation:$$F\left( {x_{1},x_{2},\,\ldots,x_{n}} \right) = C(F_{1}\left( x_{1} \right),F_{2}\left( x_{2} \right),\ldots,F_{n}(x_{n}))$$

Alternatively, a copula can be defined as the multivariate distribution, $C$, of a vector of random variables with uniformly distributed marginals $U(0,1)$ $$C\left( {u_{1},\, u_{2},\,\ldots u_{n}} \right) = F(F_{1}^{- 1}\left( u_{1} \right),\, F_{2}^{- 1}\left( u_{2} \right),\,\ldots,F_{n}^{- 1}\left( u_{n} \right))$$where the $u_{i} = F(x_{i}$) and $F_{i}^{- 1}$' s are the quantile functions of the marginals. A copula extracts the dependence structure from the joint distribution, independent of marginal distributions.

Copula modeling has found many successful applications, especially in actuarial science, survival analysis, and hydrology. In finance, copula modeling has also been applied in a great number of contexts, such as asset pricing, credit risk management, aggregation risks and the study of dependence between markets (e.g., [@bib0100]; [@bib0285]; [@bib0325]; [@bib0375]; [@bib0385]; [@bib0300]).

In the following lines, we present the functional forms of the five copulas used in this paper, which are the most commonly used in this kind of study: (i) Gaussian, (ii) Student-t, (iii) Clayton, (iv) Gumbel, and (v) Frank.(i)Gaussian copula. The Gaussian copula is given by $$C\left( {u_{1},\, u_{2},\,\ldots,\, u_{n};\,\sum} \right) = \text{ɸ}_{n}(\text{ɸ}^{- 1}\left( u_{1} \right),\,\ldots.,\text{ɸ}^{- 1}\left( u_{n} \right))$$where $\text{ɸ}_{n}$ is the standard multivariate normal with linear correlation matrix $\sum$ and $\text{ɸ}^{- 1}$ is the inverse of the standard univariate Gaussian. Deriving the Eq. [(4)](#eq0020){ref-type="disp-formula"}, we obtain the copula density ($c)$. For $n = 2$, this expression is given by$$c\left( {u_{1},\, u_{2};\,\rho} \right) = \frac{1}{\sqrt{1 - \rho^{2}}}\text{e}\text{x}\text{p}\left( {- \frac{1}{2(1 - \rho^{2})}\left( {x_{1}^{2} - {2\rho x}_{1}x_{2} + x_{2}^{2}} \right)} \right)$$where $\rho$ is simply the linear correlation coefficient between the two random variables. For $\rho = 0$ describes the independence copula, while for $\rho = 1$ describes the comonotonicity copula, and for $\rho$ = --1 the countermonotonicity copula. The normal copula is symmetric and does not exhibit tail independence.(ii)Student-t copula. The Student-t copula is given by $$C\left( {u_{1},\, u_{2},\,\ldots,\, u_{n};\,\sum,\, v} \right) = \text{T}_{v}(t_{v_{1}}^{- 1}\left( u_{1} \right),\,\ldots.,t_{v_{n}}^{- 1}\left( u_{n} \right))$$where $\text{T}_{v}$ is the standard multivariate Student-t with $v$ degrees freedom and with linear correlation matrix $\sum$ and $t_{v_{i}}^{- 1}$, is the inverse of the standard univariate Student-t with $v_{i}$ degree of freedom. Deriving the Eq. [(5)](#eq0030){ref-type="disp-formula"}, we obtain copula density for the Student-t. For $n = 2$, this expression is given by$$c\left( {u_{1},\, u_{2};\,\rho,\, v} \right) = \frac{K}{\sqrt{1 - \rho^{2}}}\left\lbrack {1 + \frac{1}{v(1 - \rho^{2})}\left( {\xi_{1}^{2} - {2\rho\xi}_{1}\xi_{2} + \xi_{2}^{2}} \right)} \right\rbrack^{\frac{v + 2}{2}}\left\lbrack {\left( {1 + v^{- 1}\xi_{1}^{2}} \right)\left( {1 + v^{- 1}\xi_{2}^{2}} \right)} \right\rbrack^{\frac{v + 2}{2}}$$where $\rho$ is the linear correlation coefficient of the bivariate Student-t distribution with $\, v$ degrees of freedom. Ultimately, $\,\xi_{i} = t_{v_{i}}^{- 1}\left( u_{i} \right)$ and $K = \text{Γ}\left( \frac{v}{2} \right)\text{Γ}\left( \frac{v + 1}{2} \right)^{- 2}\text{Γ}\left( {\frac{v}{2} + 1} \right)$.

The Student-t copula has symmetric but nonzero tail dependence and nests the normal copula. The coefficient of tail dependence is given by:$$\text{λ} = 2t_{v + 1}\left( \frac{\sqrt{v + 1}\sqrt{1 - \rho}}{\sqrt{1 + \rho}} \right)$$ (iii)Clayton copula. The Clayton copula is given by $$C\left( {u_{1},u_{2},\ldots,u_{n};\,\alpha} \right) = \left( {{\sum_{i = 1}^{n}u_{i}^{- \alpha}} - n + 1} \right)^{- 1/\alpha}$$where $\alpha$ is the parameter of the copula and captures structure dependence among the $n$ variables $X_{1,\,}$ $X_{2}$ ... $X_{n}$. When $\left. \alpha\,\rightarrow\, 0 \right.$ it describes the independence copula, while for ά → ∞ it describes the comonotonicity copula. Deriving Eq. [(6)](#eq0045){ref-type="disp-formula"}, we get the copula density. For $n = 2$, this expression is given by$$c\left( {u_{1},\, u_{2};\,\alpha} \right) = (1 + \alpha)\left( {u_{1}^{- \alpha} + u_{2}^{- \alpha} - 1} \right)^{- \frac{1}{\alpha} - 2}\,\left( {u_{1}u_{2}} \right)^{- \alpha - 1}$$

The Clayton copula has asymmetric tail dependence. The dependence in the upper tail is zero (${\,\text{λ}}_{U} = 0)$ while the dependence in the lower tail is given by$$\text{λ}_{L} = \left\{ \begin{matrix}
{2^{- 1/\alpha},\,\alpha > 0\,} \\
{\, 0\, otherwise\,} \\
\end{matrix} \right)$$ (iv)Gumbel copula. The Gumbel copula distribution is given by $$C\left( {u_{1},u_{2},\ldots,u_{n};\,\delta} \right) = \text{e}\text{x}\text{p}\left( {- {\sum_{i = 1}^{n}\left( {- \left( {\text{ln}\left( u_{i} \right)} \right)^{\delta}} \right)^{1/\delta}}} \right)$$

The Gumbel copula captures a large range of dependence from independence ($\delta$ = 1) to perfect positive dependence ($\delta$ $\left. \rightarrow\infty) \right.$. Deriving the Eq. [(7)](#eq0060){ref-type="disp-formula"}, we obtain copula density for the Gumbel distribution. For $n = 2$, this expression is given by$$c\left( {u_{1},\, u_{2};\delta} \right) = \left( {A + \delta - 1} \right)A^{1 - \delta}{\text{exp}\left( {- A} \right)}{(u_{1}u_{2})}^{- 1}{( - {\text{ln}u_{1}})}^{\delta - 1}{( - {\text{ln}u_{2}})}^{\delta - 1}$$where $A = \left\lbrack {\left( {- {\text{ln}u_{1}}} \right)^{\delta}\left( {- {\text{ln}u_{2}}} \right)^{\delta}} \right\rbrack^{1/\delta}$

The Gumbel copula has asymmetric tail dependence. The dependence in the lower tail is zero (${\,\text{λ}}_{L} = 0)$ while the dependence in the upper tail is given by$$\text{λ}_{U} = \left\{ \begin{matrix}
{2 - 2^{1/\delta},\,\delta > 1\,} \\
{\, 0\, otherwise\,} \\
\end{matrix} \right)$$ (v)Frank copula. The Frank copula distribution is given by $$C\left( {u_{1},u_{2},\ldots,u_{n};\theta} \right) = - \,\frac{1}{\theta}\, ln\left( {1 + \frac{\sum\limits_{i = 1}^{n}{\text{e}\text{x}\text{p}( - \theta u_{i}) - 1)}}{{\text{exp}\left( {- \theta} \right)} - 1}} \right)$$where $\theta$ is the copula parameter that might take any real value, it is to say $\theta\text{∈}\left( - \infty,\, + \infty \right)$. This copula permits the modeling of positive as negative dependence in the data. The independence case will be attained when $\,\theta$ approaches zero. Deriving the Eq. [(8)](#eq0075){ref-type="disp-formula"}, we obtain the density copula. For $n = 2$, this expression is given by$$c\left( {u_{1},\, u_{2};\,\theta} \right) = \frac{\theta\left\lbrack {1 - \text{e}\text{x}\text{p}( - \theta)} \right\rbrack\text{e}\text{x}\text{p}( - \theta u_{1}u_{2})}{\left( {\left\lbrack {1 - \text{e}\text{x}\text{p}( - \theta)} \right\rbrack - \left( {1 - \text{e}\text{x}\text{p}( - \theta u_{1}} \right))\left( {1 - \text{e}\text{x}\text{p}( - \theta u_{2}} \right)} \right)^{2}}$$

The Frank copula has neither lower nor upper tail dependence $\text{λ}_{U} = \text{λ}_{L} = 0$. The Frank copula is thus suitable for modeling data characterized by weak tail dependence. [Table 1](#tbl0005){ref-type="table"} presents the main tail dependence features in the set of employed copulas.Table 1Main tail dependence features for each copula.Table 1CopulaLower tail dependence $(\lambda_{L})$Upper tail dependence ${(\lambda}_{U})$*Gaussian*0.000.00*Student-t*$2t_{\nu + 1}\left( \sqrt{\frac{(\nu + 1)(1 - \rho_{t})}{1 + \rho_{t}}} \right)$$2t_{\nu + 1}\left( \sqrt{\frac{(\nu + 1)(1 - \rho_{t})}{1 + \rho_{t}}} \right)$*Clayton*$2^{- 1/\alpha_{t}}$0.00*Gumbel*0.00$2 - 2^{1/\delta_{t}}$*Frank*0.000.00

The dependence structure between variables might be characterized by a copula, but might also be expressed using synthetic scalar measures derived from the same copula, for example, the measures of rank correlation Kendall's τ. This rank correlation measure is useful because it allows comparative analyses of global dependence structures when copulas are different and, consequently, the copulas' dependence parameters are non-comparable. [Table 2](#tbl0010){ref-type="table"} represents the relationships between Kendall's τ and copula parameters for the set of employed copulas.Table 2Relationships: Kendall's τ and copula parameters for different bivariate copula families.Table 2CopulaKendall's $\tau$Range of $\tau$*Gaussian*$\tau = {{(2}/\pi}) \bullet \text{a}\text{r}\text{c}\text{s}\text{i}\text{n}(\rho_{t})$\[-1,1\]*Student-t*$\tau = {{(2}/\pi}) \bullet \text{a}\text{r}\text{c}\text{s}\text{i}\text{n}(\rho_{t})$\[-1,1\]*Clayton*$\tau = {\alpha_{t}/(}\alpha_{t} + 2)$\[0,1\]*Gumbel*$1 - \delta_{t}^{- 1}$\[0,1\]*Frank*$1 - 4\left\lbrack {1 + D}_{1}(\theta_{t}) \right\rbrack/\theta_{t}$\[-1,1\][^1]

To specify the dynamics of the copula dependence parameter, we follow [@bib0315], that proposes observation-driven copula models where the time-varying dependence parameter is a parametric function of transformations of the lagged data and an autoregressive term. Using the marginal distributions of the standardized residuals $u_{1,t}$ and $u_{2,t}$, the dynamics of the parameters for the Gaussian, Student-t, Gumbel, Clayton, and Frank copulas can be specified.

For the dynamics of the Gaussian copula parameter, we apply the following model$$\rho_{t} = \text{Λ}_{1}\left\{ {\omega + \beta\rho_{t - 1} + a\frac{1}{20}{\sum\limits_{j = 1}^{20}{\text{Φ}^{- 1}(u_{1,t - j}}})\text{Φ}^{- 1}(u_{2,t - j})} \right\}$$

Similarly, the model for the Student-t copula can be specified as$$\rho_{t} = \text{Λ}_{1}\left\{ {\omega + \beta\rho_{t - 1} + a\frac{1}{20}{\sum\limits_{j = 1}^{20}{t_{\nu}^{- 1}(u_{1,t - j}}})t_{\nu}^{- 1}(u_{2,t - j})} \right\}$$where $\text{Λ}_{1}\left( x \right) = \left( {1 - e^{- x}} \right)\left( {1 + e^{- x}} \right)^{- 1} = \text{t}\text{a}\text{n}\text{h}(x/2)$ is the modified logistic transformation, designed to keep $\rho_{t}$ in $\left\lbrack - 1,1 \right\rbrack$ at all times. Eqs. [(9)](#eq0085){ref-type="disp-formula"} and (10) reveal the assumption that the copula parameter follows an ARMA(1,20)-type process. Note that in these specifications $\rho_{t - 1}$ is used as a regressor to capture the persistence in the dependence parameter, and the mean of the product of the last 20 observations of the transformed variables $\text{Φ}^{- 1}(u_{1,t - j})$ and $\text{Φ}^{- 1}(u_{2,t - j})$, and $t_{\nu}^{- 1}\left( u_{1,t - j} \right)$ and $t_{\nu}^{- 1}(u_{2,t - j})$, respectively, to capture any variation in dependence.[10](#fn0050){ref-type="fn"}

For the Clayton, Gumbel and Frank copula, the model for the evolution of the dependence parameter is given by$$\tau_{t} = \text{Λ}_{2}\left\{ \left. \omega + \beta\tau_{t - 1} + a\frac{1}{20}\sum\limits_{j = 1}^{20} \middle| u_{1,t - j} - u_{2,t - j} \right| \right\}$$

2.3. Estimation copula parameters {#sec0025}
---------------------------------

We estimate the copula parameters using the Maximum Likelihood applied to the theoretical joint distribution function. We estimate in a first stage, the marginal parameters and, in a second stage, the copula parameters. This approach is called the inference in the margins (IFM) estimation method. [@bib0235] demonstrates that under standard regularity conditions, this two-stage estimate is consistent, and the parameter estimates are asymptotically efficient and normal. In the following lines, we describe this method.

Let be $X_{1},\, X_{2},\,\ldots X_{T}$ bidimensional vectors independent and identically distributed *(iid)* $X_{i} \sim F(x)$ for $i = 1,2,\ldots T$. The joint density function is given by$$f\left( {X_{1},\, X_{2},\,\ldots,X_{T}} \right) = \prod_{i = 1}^{T}{f\left( X_{1,i,\,}X_{2,i} \mid \alpha,\,\theta \right)}$$

and the log-likelihood function$$\text{ln}L\left( X_{1},\, X_{2},\,\ldots,X_{T} \middle| \alpha,\theta\, \right) = \sum_{i = 1}^{T}{ln\, f\left( X_{1,i,\,}X_{2,i} \mid \alpha,\,\theta \right)}$$where $\left. f(X_{1,i,\,}X_{2,i} \middle| \alpha,\,\theta) \right.$ is the joint density function of the bidimensional vector $X_{i}$ and $ln$ is the natural log. By the Sklar theorem the joint density of this vector can be decomposed into the marginal distributions and a copula density, which is obtained when differentiating Eq. [(2)](#eq0010){ref-type="disp-formula"}:$$f\left( X_{1,i,\,}X_{2,i} \middle| \alpha,\,\theta\, \right) = c(F_{1}\left( {X_{1,i},\,\alpha_{1}} \right),\, F_{2}\left( {X_{2,i},\,\alpha_{2}} \right);\theta){\prod_{j = 1}^{2}{f_{j}(X_{j,i},\,\alpha_{j})}}$$where $f_{j}(X_{j,i},\,\alpha_{j})$ is the marginal density function of variable $X_{j,i}$ for $j = 1,\, 2$; $c( \bullet )$ is the density copula; $\alpha_{j}$ parameters vector of the marginal density function of variable $X_{j}$, and $\theta$ is the parameter vector of the copula function. For example, $\theta = \left\lbrack {\rho,\, v} \right\rbrack$ for the Student-t copula and $\alpha = \left\lbrack {\mu,\,\omega,\alpha,\beta\,} \right\rbrack$ for the marginal.

We first take log in Eq. [(14)](#eq0110){ref-type="disp-formula"} $${\text{ln}{f\left( X_{1,i,\,}X_{2,i} \middle| \alpha,\,\theta \right)}} = {\text{ln}{c\left( {F_{1}\left( {X_{1,i},\,\alpha_{1}} \right),\, F_{2}\left( {X_{2,i},\,\alpha_{2}} \right);\theta} \right) +}}{\sum_{j = 1}^{2}{\text{ln}{f_{j}(X_{j,i},\,\alpha_{j})}}}$$and then substituting in (13)$${\text{ln}{L\left( X_{1},\, X_{2},\,\ldots,X_{T} \middle| \alpha,\theta\, \right)}} = {\sum_{i = 1}^{T}{\left\lbrack {\text{ln}{c\left( {F_{1}\left( {X_{1,i},\,\alpha_{1}} \right),\, F_{2}\left( {X_{2,i},\,\alpha_{2}} \right);\theta} \right)}} \right\rbrack +}}{\sum_{i = 1}^{T}\left\lbrack {{ln\, f}_{1}\left( {X_{1,i},\,\alpha_{1}} \right) + {\text{ln}{f_{2}(X_{2,i},\,\alpha_{2})}}} \right\rbrack}$$

The optimal parameter vector is the one that maximizes the previous expression$$\theta^{\text{*}} = {\text{arg}{max}}{\sum_{i = 1}^{T}{\left\lbrack {\text{ln}{c\left( {F_{1}\left( {X_{1,i},\,\alpha_{1}} \right),\, F_{2}\left( {X_{2,i},\,\alpha_{2}} \right);\theta} \right)}} \right\rbrack +}}{\sum_{i = 1}^{T}{\left\lbrack {{ln\, f}_{1}\left( {X_{1,i},\,\alpha_{1}} \right) + {\text{ln}{f_{2}(X_{2,i},\,\alpha_{2})}}} \right\rbrack\,}}$$

As the marginal density of each variable does not depend on the $\theta$, to maximize Eq. [(17)](#eq0125){ref-type="disp-formula"} is the same as to maximize the first term$$\theta^{\text{*}} = {\text{arg}{max}}{\sum_{i = 1}^{T}\left\lbrack {\text{ln}{c\left( {F_{1}\left( {X_{1,i},\,\alpha_{1}} \right),\, F_{2}\left( {X_{2,i},\,\alpha_{2}} \right);\theta} \right)}} \right\rbrack}$$

Thus, it is possible to maximize the likelihood function in two stages. First, we estimate the parameters of the marginal densities individually, using maximum likelihood$${\alpha_{j}}^{\text{*}} = {\text{arg}{max}}{\sum_{i = 1}^{T}{{ln\, f}_{j}\left( {X_{j,i},\,\alpha_{j}} \right)}}$$

Second, the copula parameters can be estimated by resolving the following problem$$\theta^{\text{*}} = {\text{arg}{max}}{\sum_{i = 1}^{T}{\ln{c\left( {u_{1,i},\, u_{2,i};\theta} \right)}}}$$

To go from the first stage to the second stage we must calculate the residual $z_{j,i}$, to which we use the estimated ${\widehat{\sigma}}_{j,i}$ and ${\widehat{\mu}}_{j,i}$:$$z_{j,i} = \frac{x_{j,i} - {\widehat{\mu}}_{j,i}}{{\widehat{\sigma}}_{j,i}}$$for $i = 1,2,..,T.$ The residuals are then transformed into uniformly distributed variables by inserting them in the univariate distribution of the marginals:$$u_{j,i} = F_{j}\left( {z_{j,i},\,\alpha_{1}} \right)$$

2.4. Model selection criteria {#sec0030}
-----------------------------

A typical problem that arises when fitting copulas to data is how to decide for the best fitting model. In this study, we use three methods for that end: (i) graphic methods, (ii) information criteria, and (iii) goodness of fit tests.

The first step in the model selection process is a visual inspection of the scatter plot of the data. For instance, those proposed by [@bib0190] rely on two estimates for the distribution function of the copula $C$. One is a parametric estimate $(C_{\theta_{T}})$ obtained by MLE, the other is the empirical copula $(C_{T})$. A scatter plot of these copula distributions (parametric and empirical) should yield a straight line.

Second, we use several information criteria as the Akaike information criterion \[AIC\] ([@bib0005], [@bib0010]), Bayesian information criterion \[BIC\] ([@bib0340]), Hannan-Quinn information criterion \[HQIC\] ([@bib0210]), and Shibata information criterion \[SIC\] ([@bib0345], [@bib0350]). These criteria are defined as follows$$AIC\, = \, - \, 2 \cdot LL\, + \, 2k$$ $$BIC\, = \, - \, 2 \cdot LL\, + \, k \cdot log(T)$$ $$HQIC\, = \, - \, 2 \cdot LL + \, 2 \cdot k \cdot log(log(T))$$ $$SIC\, = \, - \, 2 \cdot LL\, + \, log\left( {T + 2 \cdot k} \right)$$where $T$ is the number of data, and $k$ is the number of parameters used in the model. The best-fitting model is the one with the lowest AIC, BIC, HQIC, and SIC.

Third, for testing the validity of the null hypothesis $H_{0}:C \in C_{0}$ that the dependence structure of a multivariate distribution is well represented by a specific parametric family $C_{0}$ of copulas, we use several goodness-of-fit tests: (i) one test based on the empirical copula ($S_{T})$; and (ii) two tests based on Kendall's transform ($S_{T}^{K}$, $T_{T}^{K})$. The test based on copula empirical ($S_{T}$) consists of comparing a "distance" between the empirical copula $C_{T}$ and an estimation $C_{\theta_{T}}$ of $C$ obtained under $H_{0}:C \in C_{0}$.$$D_{T} = \sqrt{T}\left( {C_{T} - C_{\theta_{T}}} \right)$$ $$S_{T} = {\int_{{\lbrack 0,1\rbrack}^{n}}^{}{D_{T}\left( u \right)^{2}}}dC_{T}(u)$$where the empirical copula ${(C}_{T})$ can be calculated as$$\left. C_{T}\left( u \right) = \frac{1}{T}{\sum_{i = 1}^{T}{1\left\lbrack U_{i,1} \leq u_{1},U_{i.2} \leq u_{2},\ldots,\, \right.}}U_{i.n} \leq u_{n} \right\rbrack$$ $$u = \left( {u_{1},\ldots.,u_{n}} \right)\text{∈}\left\lbrack {0,1} \right\rbrack^{n}$$where $\, U_{i} = \left( {U_{i,1},\ldots.,U_{i,n}} \right)$ for $i = 1,\ldots T$ are known as pseudo observations which are obtained from $U_{i,j} = (T/(T + 1)){\widehat{F}}_{j}$.[11](#fn0055){ref-type="fn"} [@bib0185] establish the convergence of the latter under appropriate regularity conditions on the parametric family $C_{0}$ and the sequence $\theta_{T}$ of estimators. They also show that the tests based on $S_{T}$ are consistent; i.e., if $C$ does not belong to $C_{0}$, then $H_{0}$ is rejected with probability 1 as $\left. T\rightarrow\infty \right.$.

The tests based on Kendall's transform consists of basing a test of $H_{0}$ on a probability integral transformation of the data ([@bib0190]; [@bib0195]).

Let $\left. X\,\rightarrow V = H\left( X \right) = C\left( U_{1},U_{2},\ldots U_{n} \right) \right.$, where $U_{i} = F_{i}(x_{i})$ for $i = 1,\, 2,\ldots,\, n$ and the joint distribution of $U = (U_{1},U_{2},\ldots U_{n})$ is $C$. Let $K$ denote the (univariate) distribution function of $V$. [@bib0190] have shown that $K$ can be estimated nonparametrically by the empirical distribution function of a rescaled version of the pseudo-observations $V_{i} = C_{T}(U_{i})$ para $i = 1,\ldots,n$.

Now, under $H_{0}$, the vector $U = \left( U_{1},U_{2},\ldots,U_{n} \right)$ is distributed as $C_{\theta}$ for some $\theta\,\varepsilon\, Q$, and hence the Kendall transform $C_{\theta}(U)$ has distribution $K_{\theta}$. Through a measure of the distance between the empirical distribution function of the rescaled pseudo-observations ($K_{T})$ and a parametric estimation $K_{\theta_{T}}$, one can test$$H_{0}^{T}:\, K\, \in K_{0} = \{ K_{\theta}:\,\theta\, \in Q\}$$

As the $H_{0}^{T}$ and $H_{0}$ are equivalent, [@bib0195] propose two test analog of the Crámer von Mises and Kolmogorov-Smirnov test:$$S_{T}^{K} = \,{\int_{{\lbrack 0,1\rbrack}^{n}}^{}{\mathbb{K}_{T}\left( v \right)^{2}}}dK_{T}(v)$$ $$T_{T}^{K} = {\text{sup}\left| {\mathbb{K}_{T}\left( v \right)} \right|}$$where $\mathbb{K}_{T}\left( v \right) = \sqrt{T}\left( K_{T} - K_{\theta_{T}} \right)$

As the asymptotic distributions of $S_{T}^{K}$ and $T_{T}^{K}$ depend both on the unknown copula $C_{\theta}$ and on $\theta$, approximate p-values for these statistics must be found via simulation.

3. Data {#sec0035}
=======

We used daily price on Bitcoin and five international stock market indices: S&P500 (US), STOXX50 (EU), NIKKEI (Japan), CSI300 (Shanghai), and Hang Seng (Hong Kong). We choose stock market indices from different geographic areas with the idea that Bitcoin might play multiple roles in investment portfolios depending on specific market conditions[12](#fn0060){ref-type="fn"} . The analysis period runs from August 18, 2011 to June 31, 2019. These data were extracted from Datastream. The returns are calculated as the log differences in prices multiplied by 100. [Fig. 1](#fig0005){ref-type="fig"}, [Fig. 2](#fig0010){ref-type="fig"} illustrate the daily price and returns of the data set, respectively.Fig. 1Prices of Bitcoin and some international stock market indices from USA (S&P500), Europa (STOXX50), Japan (NIKKEI), China (CSI300), and Hong Kong (HSI).Fig. 1Fig. 2Log-returns of Bitcoin and some international stock market indices from USA (S&P500), Europa (STOXX50), Japan (NIKKEI), China (CSI300), and Hong Kong (HSI).Fig. 2

As we can see in [Fig. 1](#fig0005){ref-type="fig"}, along the period analyzed, the Bitcoin price has shown a spectacular growth going from \$11 in August 2011 to around \$12,300 currently. This growth was especially strong between 2014 and 2017, which was almost exponential. In these 3 years, the price increased by 1700 %, from \$1000 at the beginning of 2014 to \$18,000 at the end of 2017.[13](#fn0065){ref-type="fn"} Since then it has shown a downtrend, although in recent months it is again increasing. The five stock market indices also show an uptrend, but the cumulative growth of these assets is lower than that of Bitcoin: 158 % S&P500, 47 % STOXX50, 138 % NIKKEI, 35 %, CSI300 and 43 % HSI.[14](#fn0070){ref-type="fn"} The cumulative growth of the Bitcoin price in this period was 113243 %.

[Table 3](#tbl0015){ref-type="table"} displays the descriptive statistics. The average daily return of Bitcoin is much higher than the stock market indices' daily average returns. For instance, concerning the STOXX50, the Bitcoin daily return was 17-times higher and 34-times higher than the CSI300. The volatility, measured by the standard deviation, is also higher for Bitcoin, but in this case, the differences relative to the stock market indices are smaller, so that overall, Bitcoin shows a higher return/risk ratio (Sharpe ratio). This means that although Bitcoin is very risky, the yield offered by this asset is so high that it offsets the risk.Table 3Descriptive statistics for Bitcoin and stock market indices daily log-returns for Aug 19, 2011 to Jun 31, 2019.Table 3BitcoinS&P500STOXX50NIKKEICSI300HSIMean0.340.050.020.040.010.01Median0.270.030.020.000.000.00Max48.474.844.097.426.495.52Min−66.39−4.18−6.93−8.25−9.15−6.02Std. Dev.5.900.850.951.261.44−1.10Skewness−0.96−0.28−0.32−0.37−0.69−0.27Kurtosis19.893.353.854.455.882.80Jarque-Bera34220\*\*\*994\*\*\*1308\*\*\*1750\*\*\*3133\*\*\*702\*\*\*Ljung Box (3)6.245.692.7013.42\*\*\*5.620.52ARCH (3)35.09\*\*\*75.28\*\*\*28.94\*\*\*7.48\*\*87.20\*\*\*37.7\*\*\*Coef. Corr.1.000.0120.016−0.0020.0380.018Sharpe ratio0.0580.0590.0210.0320.0070.009[^2]

The return distribution of the stock market indices is negatively skewed and exhibits an important excess kurtosis that suggests leptokurtic behavior. The Bitcoin return distribution is also skewed to the left and exhibits a high degree of kurtosis, even higher than the stock market indices distribution. In all cases, the value of the Jarque-Bera statistic indicates the departure from normality. The value of the ARCH statistic for conditional heteroskedasticity confirms that there exists an ARCH effect in the return of the Bitcoin and the rest of the assets, which justify the appropriateness of using a GARCH framework to model the conditional volatility.

Traditionally, portfolio decision and asset allocation have been made based on the Pearson coefficient correlation. [Table 3](#tbl0015){ref-type="table"} reports this measure for all pairs of returns considered. This coefficient is very low for all international markets considered, moving in a range of -0.009 for the Japanese market, represented by the NIKKEI index to 0.038 for the Chinese market (CSI300). According to these data, Bitcoin might be considered as a *hedge* asset against the risk of the international stock markets considered.

4. Empirical results {#sec0040}
====================

4.1. Modeling the marginals {#sec0045}
---------------------------

First, we studied what distribution best fits the data set. To assess this issue, we fit several fat tail distributions, symmetric and asymmetric, including the (i) Student-t, (ii) generalized error distribution (GED), (iii) the skewed Student-t distribution, and (iv) the skewed GED. For all the stock market index returns, including Bitcoin returns, the Student-t distribution provides the highest Log-Likelihood, indicating that this distribution is the best at fitting the data. The Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC) corroborate this result ([Table 4](#tbl0020){ref-type="table"} ).Table 4The goodness of fit for marginal distributions.Table 4Student-tGEDSkew Student-tSkew GEDLog LAICBICLog LAICBICLog LAICBICLog LAICBICBitcoin2312−4619−46012275−4544−45272311−4619−45912273−4538−4515S&P5002725−5444−54272683−5360−53432724−5440−54712678−5348−5325STOXX502761−5517−54992754−5502−54852761−5514−54912754.−5500−5477NIKKEI2750−5494−54772715−5424−54072749−5490−54672713−5418−5395CSI3002619−5232−52152545−5084−50672618−5228−52052545−5082−5059HSI3006−6007−59892978−5950−59333005−6002−59792977−5946−5923

To check the goodness of fit of the Student-t distribution, we made a visual inspection of the QQ plot, which is reported in [Fig. 3](#fig0015){ref-type="fig"} . For all data series, we can observe that the Student-t distribution fits well the empirical distribution, as the central part of the distribution as the tails, left and right.Fig. 3QQ-plots of Bitcoin and some international stock market indices from USA (S&P500), Europa (STOXX50), Japan (NIKKEI), China (CSI300), and Hong Kong (HSI).Fig. 3

4.2. Modeling the conditional variance {#sec0050}
--------------------------------------

In the first step, we estimate the univariate volatility of the five assets to which we apply an APARCH model. This model can depict long memory and asymmetric effects. We estimate the parameters of the APARCH model with a Student-t distribution with $v$ degrees of freedom. The results of the estimations are reported in [Table 5](#tbl0025){ref-type="table"} .Table 5Estimation results for APARCH model with T = 2055 observations.Table 5ParametersBitcoinS&P500STOXX50NIKKEICSI300HSI$\mu$0.003 (0.001)0.001 (0.000)0.000 (0.000)0.000 (0.000)0.000 (0.000)0.000 (0.011)φ−0.07 (0.030)ω0.00 (0.000)0.00 (0.000)0.00 (0.000)0.00 (0.001)0.00 (0.000)0.00 (0.000)α~1~0.18 (0.029)0.12 (0.013)0.10 (0.015)0.11 (0.016)0.06 (0.152)0.03 (0.015)γ~1~0.14 (0.048)−1.00 (0.007)−1.00 (0.003)−0.85 (0.115)−0.11 (0.398)−0.99 (0.005)β~1~0.82 (0.031)0.88 (0.021)0.88 (0.023)0.86 (0.022)0.93 (0.055)0.95 (0.011)δ2.16 (0.412)0.90 (0.182)1.20 (0.176)0.86 (0.175)1.87 (8.331)1.37 (0.450)ν3.04 (0.128)5.57 (0.713)6.64 (0.973)4.73 (0.563)3.67 (0.439)5.34 (0.662)LL3702.707272.506988.506351.76216.206551.4ARCH(3)0.0080.2600.1580.0033.7956.543ARCH(5)0.0150.2670.4080.0744.35510.820[^3]

As we can observe, the estimations for the stock market indices are quite similar. We find that the persistence of the volatility, measured by the parameter $\beta_{1}$ is slightly higher for the stock market indices than Bitcoin. The parameter $\gamma_{1}$, which captures the *leverage effect*, is negative for all the stock market indices, indicating that volatility tends to be higher after negative returns. On the contrary, for the Bitcoin, this parameter is positive, which means that volatility tends to be higher after positive returns. This is known as an *inverse leverage effect*, a prominent feature of commodities, such as gold ([@bib0030])[15](#fn0075){ref-type="fn"} .

The inverse leverage effect could be explained by the fact that, in this period, Bitcoin behaved as a safe-haven asset, whose demand increases when uncertainty increases in traditional markets. If investors fleeing the risk of traditional markets seek Bitcoin as a safe-haven asset, then the price of Bitcoin will grow, thus transferring the volatility of the equity markets to the Bitcoin market. This argument was given by [@bib0030] to justify that gold volatility increases with positive surprises. These authors use this same argument to justify what is observed in the Bitcoin market. The idea is not far-fetched, since in many articles, the role of Bitcoin as a risk-hedging asset has been proposed, playing a role similar to that played by gold.

On whether or not Bitcoin has a leverage effect and whether it is inverse, there are many controversies. Some authors find results similar to ours (see [@bib0260] and [@bib0065]), but other studies did not detect a significant leverage effect ([@bib0145]; [@bib0365]; [@bib0255]; [@bib0355]). Regarding this, [@bib0260] argue that their results are because they use the Student-t distribution to account for heavy tails present in the distribution of the returns. When they assume a normal distribution, they confirm and replicate the results of [@bib0145]. The sensitivity of the results regarding the underlying distribution is also discussed in [@bib0040], whose results are in line with those presented by [@bib0260].

As an experiment, we also estimate the APARCH model below a normal distribution, and we find the same results as [@bib0040] and [@bib0260]. By assuming a normal distribution for the returns of the Bitcoin, the leverage effect is not significant. However, this assumption is not reasonable; as is shown in [Table 3](#tbl0015){ref-type="table"}, the Bitcoin return distribution is far from being Gaussian.

On the other hand, the power parameter $\delta$ is around 1 for S&P500, STOXX50, and NIKKEI, which means that modeling the standard deviation appears better rather than the variance. However, for the Bitcoin and CSI300, the contrary is the case as the $\delta$ parameter takes a value around 2. In all cases, the ARCH test reveals that the APARCH model adequately captures the volatility of the innovations.

4.3. Modeling the dependence structure using copulas {#sec0055}
----------------------------------------------------

Estimation results for constant copula models are reported in [Table 6](#tbl0030){ref-type="table"} . In this table, we also include Kendall's τ derived from the copula functions.[16](#fn0080){ref-type="fn"} This rank correlation measure is useful because it allows comparative analyses of global dependence structures when copulas are different and, consequently, the copulas' dependence parameters are non-comparable. This measure is invariant to non-linear transformations, as long as it is monotonic, as is the case of probability integral transforms of marginal variables in the context of the copula theory ([@bib0220]). Taking this into account, in this study, we use Kendall's τ to assess global dependence structures between Bitcoin and the stock markets.Table 6Five constant copula specification and estimation.Table 6CopulaCopula parameterKendall's τLower TailUpper tailPanel (a) US stock market index (S&P500)Gaussian ($\rho)$0.002\*\*\*\--0.00100Student-t ($\rho$, v)−0.058\*\*\*2.01\*\*\*−0.0360.1650.165Clayton ($\alpha)$0.487\*\*\*\--0.1950.2610Gumbel ($\delta)$1.492\*\*\*\--0.30000.415Frank (*θ*)2.932\*\*\*\--0.30100Panel (b) European stock market (STOXX50)Gaussian ($\rho)$0.012\*\*\*\--0.00700Student-t ($\rho$, v)−0.032\*\*\*2.01\*\*\*−0.0200.1640.164Clayton ($\alpha)$0.443\*\*\*\--0.1810.2090Gumbel ($\delta)$1.395\*\*\*\--0.28300.356Frank (*θ*)2.245\*\*\*\--0.23800Panel (c) Japanese stock market (NIKKEI)Gaussian ($\rho)$−0.013\*\*\*\--−0.00800Student-t ($\rho$, v)−0.505\*\*\*2.01\*\*\*−0.3370.0560.056Clayton ($\alpha)$0.978\*\*\*\--0.3280.4920Gumbel ($\delta)$1.805\*\*\*\--0.44500.532Frank (*θ*)3.598\*\*\*\--0.35700Panel (d) Chinese stock market (CSI300)Gaussian ($\rho)$0.020\*\*\*\--0.01200Student-t ($\rho$, v)0.576\*\*\*2.01\*\*\*0.3930.4280.428Clayton ($\alpha)$1.883\*\*\*\--0.4890.5550Gumbel ($\delta)$1.912\*\*\*\--0.47600.563Frank (*θ*)5.179\*\*\*\--0.46800Panel (e) Hong Kong stock market (HSI)Gaussian ($\rho)$0.004\*\*\*\--0.00200Student-t ($\rho$, v)0.105\*\*\*2.01\*\*\*0.0660.2160.216Clayton ($\alpha)$0.631\*\*\*\--0.2390.3350Gumbel ($\delta)$1.547\*\*\*\--0.35300.435Frank (*θ*)3.307\*\*\*\--0.33300[^4]

The structure dependence between Bitcoin and the US stock market (S&P500) given by the five copula models considered is reported in Panel (a). As we can see, the dependence parameter of the Gaussian copula is positive and statistically significant, but it returns a very small value (0.002). The corresponding Kendall's $\tau$ for this parameter is 0.001. The parameter of the Student-t copula is also very small, but unlike the Gaussian copula, it returns a negative sign (-0.058). Its corresponding Kendall's $\tau$ is -0.036. Both models suggest that the structure dependence between Bitcoin and the US stock market is null and even negative. On the other hand, the Archimedean copulas indicate a dependence degree higher than the suggested by the ellipticals.

The Clayton copula and the Gumbel copula[17](#fn0085){ref-type="fn"} provide Kendall 's $\text{τ}$ of 0.195 and 0.300, respectively, between Bitcoin and the US stock market (S&P500). These results have very different implications for the portfolio selection decision. While the elliptical copula indicates that Bitcoin could act as a *hedge* asset against US stocks market performance, the Archimedean copulas suggest that Bitcoin might just act as a *diversifier* asset. Here, we adopt the definition of *hedge* assets given by [@bib0035]. They define a *hedge* asset as an asset that has a negative dependence or null with another asset or portfolio on average. A *diversifier* is defined as an asset that has a positive dependence structure (but not perfectly) with another asset in a portfolio.

For the European stock market and the Hong Kong stock market, we find similar results to that found for the US stock market. Elliptical copulas suggest an almost null dependence with the Bitcoin market, while the Arquimedian copulas predict a stronger dependence.

The results obtained for the Japanese market are similar to these obtained for the markets already discussed above, but in this case, the differences between elliptical copula and Arquimedian copulas are more pronounced (see Panel c). The elliptical copulas suggest a negative dependence, with Kendall's $\tau$ equal to -0.008 for Gaussian copula and -0.337 for Student-t copula. However, for the Archimedean copulas, Clayton, Gumbel, and Frank, predict a positive dependence with Kendall's $\tau$ equal to 0.328, 0.445, and 0.357, respectively.[18](#fn0090){ref-type="fn"} Again, these results have different implications for portfolio selection decisions, while the elliptical indicates that Bitcoin could act as a *hedge* asset against stocks Japanese market performance, the Archimedean copulas suggest that Bitcoin may just act a weak *diversifier* asset.

Ultimately, for the Chinese market, all copula models, except Gaussian copula, suggest a relatively high dependence. The Kendall's $\tau$ varies depending on the copula, moving between 0.393 and 0.489.

Unlike the traditional methods used to measure dependence between markets the copula function lets us know the dependence in tails distribution. If there is no tail dependence among the returns in a portfolio, then there is little risk of simultaneous very negative/positive returns, and therefore the probability of occurrence of an extreme negative/positive return on the portfolio will be lower. However, if there exist tail dependence, then the probability of occurrence of extreme negative/positive returns simultaneously can be high. Hence, it is important to consider tail dependence when assessing the diversification benefit and risk of a portfolio ([@bib0325]).

In columns 5 and 6 of [Table 6](#tbl0030){ref-type="table"}, we report the lower and upper tail dependencies for all copula models considered. The lower tail dependence gives us the probability of a joint crash between the pairs markets analyzed; meanwhile, the upper tail dependence gives us the probability of a joint boom in these markets. According to the Student-t copula, the probability of observing a joint crash in the Bitcoin market and the US stock market is higher than 0.15, which means that in a market extreme conditions, Bitcoin does not behave as a *hedge* asset against the performance of US stock market. Moreover, the Clayton suggests a higher probability of joint crashes, 0.261. Similar results are found for the European stock market and Hong Kong market.

Regarding the Japanese market, Student-t copula predicts that the probability of observing a joint crash is almost null (0.05), indicating that even in extreme market conditions, Bitcoin might affect behavior as a *hedge* asset. However, the Clayton copula predicts a joint crash with a probability of 0.492, which is relatively high. In the case of the Chinese market, the lower tail dependence given by the Student-t copula and Clayton copula is around 0.5, which indicates that in the stress period, the probability of these markets moving jointly is relatively high, reducing the possibilities of diversification when it is more necessary.

The results obtained are as follows: (i) the elliptical copulas suggest that the structure dependence between the Bitcoin and the stock markets analyzed, except the Chinese market, is very low, so that Bitcoin might act as a *hedge* asset against these markets; (ii) the Archimedean copulas predict a dependence higher than the detected by the elliptical copulas. According to this family copula model, Bitcoin might only act as a *diversifier* asset; (iii) both family copula models (elliptical and Arquimedian) predict an increase of the dependence in extreme market conditions, so that, in such conditions, Bitcoin might only act as a *diversifier* asset; and (iv) in the case of the Chinese market, Bitcoin acts only as a *diversifier* asset. This result is robust to the copula model.

Given the disparity of results provided by the copula models analyzed, it is necessary to identify the suitable model before drawing definitive conclusions. The first step in the model selection process is a visual inspection of the scatter plot of the data. If the dependence structure of a multivariate distribution is well represented by a specific parametric family $C_{0}$ of copulas then the scatter plot of the empirical copula $C_{T}$ and the parametric copula $C_{0}$ should yield a straight line. [Fig. 4](#fig0020){ref-type="fig"} illustrates the scatter plots of the empirical copula and the parametric copula for Normal, Student-t, and Gumbel. In the Appendix of the paper, we present these plots for Clayton and Frank copulas.Fig. 4Scatter plots between the empirical copula (S&P500, STOXX50, NIKKEI, CSI300, and HSI) and the parametric copula (Normal, Student-t, and Gumbel).Fig. 4

The visual inspection of these plots suggests that the Archimedean copulas do not fit the data well. This result does not depend on the market analyzed. However, elliptical copulas provide a good fit. For the US, the European, and Hong Kong markets, both Gaussian and Student-t copulas seem to fit the data well; meanwhile, for the Japanese and Chinese markets, the Gaussian copula seems to outperform the Student-t.

Furthermore, we focus on analyzing several information criteria, such as the Akaike information criterion \[AIC\] ([@bib0005], [@bib0010]), Bayesian information criterion \[BIC\] ([@bib0340]), Hannan-Quinn information criterion \[HQIC\] ([@bib0210]), and Shibata information criterion \[SIC\] ([@bib0345], [@bib0350]). These criteria are reported in [Table 7](#tbl0035){ref-type="table"} . In this table, we also include the Log-Likelihood for all stock markets considered. For all markets analyzed, the lowest value of these criteria is obtained for the Student-t copula. Thus, the information criteria also rule out Archimedean copulas as appropriate models to describe the dependence between the Bitcoin market and the international stock markets analyzed.Table 7Information criteria for copula models.Table 7CopulaLLAICBICHQICSICPanel (a) US stock market (S&P500)Gaussian ($\rho)$−0.004−2.008−7.636−4.072−7.637Student-t ($\rho$, v)−126.552−257.104−268.360−261.231−260.734Clayton ($\alpha)$−22.408−46.816−52.444−48.880−52.445Gumbel ($\delta)$−72.181−146.362−151.990−148.426−151.991Frank−21.391−44.782−50.410−46.846−50.411Panel (b) European stock market (STOXX50)Gaussian ($\rho)$−0.141−2.282−7.910−4.346−7.911Student-t ($\rho$, v)−104.199−212.398−223.654−216.525−216.028Clayton ($\alpha)$−20.023−42.046−47.674−44.110−47.675Gumbel ($\delta)$−50.224−102.448−108.076−104.512−108.077Frank−8.801−19.602−25.230−21.666−25.231Panel (c) Japanese stock market (NIKKEI)Gaussian ($\rho)$−0.148−2.296−7.924−4.360−7.925Student-t ($\rho$, v)−208.133−420.266−431.522−424.393−423.896Clayton ($\alpha)$−68.619−139.238−144.866−141.302−144.867Gumbel ($\delta)$−158.213−318.426−324.054−320.490−324.055Frank−39.469−80.938−86.566−83.002−86.567Panel (d) Chinese stock market (CSI300)Gaussian ($\rho)$−0.420−2.840−8.468−4.904−8.469Student-t ($\rho$, v)−263.893−531.786−543.042−535.913−535.416Clayton ($\alpha)$−187.667−377.334−382.962−379.398−382.963Gumbel ($\delta)$−201.958−405.916−411.544−407.980−411.545Frank−146.813−295.626−301.254−297.690−301.255Panel (e) Hong Kong stock market (HSI)Gaussian ($\rho)$−0.018−2.036−7.664−4.100−7.665Student-t ($\rho$, v)−152.549−309.098−320.354−313.225−312.728Clayton ($\alpha)$−35.201−72.402−78.030−74.466−78.031Gumbel ($\delta)$−86.273−174.546−180.174−176.610−180.175Frank−33.635−69.270−74.898−71.334−74.899[^5]

For testing the validity of the null hypothesis $H_{0}:C \in C_{0}$ that the dependence structure of a multivariate distribution is well represented by a specific parametric family $C_{0}$ of copulas, we also use several goodness-of-fit tests: (i) one test based on the empirical copula ($S_{T})$; and (ii) two tests based on Kendall's transform ($S_{T}^{K}$, $T_{T}^{K})$. These tests are reported in [Table 8](#tbl0040){ref-type="table"} . In this table, we also include the sum of the square differences between the empirical copula and the parametric copula (SSE) and the mean of the absolute differences (MAE).Table 8The goodness of fit test for copula models.Table 8CopulaMAESSE$S_{T}$p-valor$S_{T}^{K}$p-valor$T_{T}^{K}$ p-valorPanel (a) US stock market (S&P500)Gaussian ($\rho)$0.2 %0.070.000.650.90Student-t ($\rho$, v)0.6 %0.530.000.010.01Clayton ($\alpha)$2.4 %8.330.000.000.00Gumbel ($\delta)$3.9 %21.90.000.000.00Frank3.6 %19.90.000.000.00Panel (b) European stock market (STOXX50)Gaussian ($\rho)$0.2 %0.100.000.580.37Student-t ($\rho$, v)0.4 %0.300.000.010.01Clayton ($\alpha)$2.2 %7.500.000.000.00Gumbel ($\delta)$3.4 %16.40.000.000.00Frank2.9 %12.880.000.000.00Panel (c) Japanese stock market (NIKKEI)Gaussian ($\rho)$0.3 %0.140.000.070.53Student-t ($\rho$, v)3.6 %18.60.000.000.00Clayton ($\alpha)$4.1 %24.90.000.000.00Gumbel ($\delta)$5.3 %51.140.000.000.00Frank4.4 %30.10.000.000.00Panel (d) Chinese stock market (CSI300)Gaussian ($\rho)$0.3 %0.170.000.110.09Student-t ($\rho$, v)4.5 %28.90.000.000.00Clayton ($\alpha)$5.5 %45.30.000.000.00Gumbel ($\delta)$5.4 %42.80.000.000.00Frank5.4 %44.60.000.000.00Panel (e) Hong Kong stock market (HSI)Gaussian ($\rho)$0.2 %0.100.000.110.33Student-t ($\rho$, v)0.8 %0.980.000.000.00Clayton ($\alpha)$2.9 %12.60.000.000.00Gumbel ($\delta)$4.1 %24.10.000.000.00Frank4.0 %23.40.000.000.00[^6]

The elliptical copulas (Gaussian and Student-t) provide the lowest mean absolute error (MAE) and the lowest sum of the squared error (SSE). In the case of the US, European, and Hong Kong markets, the differences between Gaussian and Student-t copula are reduced. However, for the Japanese and Chinese stock markets, the differences between Gaussian and Student-t copula are notable. The tests based on Kendall's transform ($S_{T}^{K}$, $T_{T}^{K})$ do not reject the null hypothesis that the dependence structure of a multivariate distribution is well represented by a Gaussian copula. However, for the rest of the copulas considered (Student-t, Clayton, Gumbel, and Frank), this hypothesis is rejected at all significance levels. Surprisingly, the $S_{T}$ test rejects the null hypothesis in all cases.

We find that the best copula model depends on the criterion used. According to the graphic methods, Gaussian and Student-t copula is the best at fitting data. However, according to the information criteria, the proper model is the Student-t copula. The goodness of fit test identifies the Gaussian copula as the best at the fitting data.[19](#fn0095){ref-type="fn"}

In summary, all the criteria rule out Archimedean copulas as appropriate models to describe the dependency between the Bitcoin market and stock markets analyzed. In the case of the US, the European, and the Hong Kong markets, the elliptical copulas, both, Gaussian and Student-t, seem to describe the dependence structure adequately with the Bitcoin. In the case of the Japanese and Chinese market the copula that seems to best describe the dependence structure with the Bitcoin is the Gaussian copula (see [Table 9](#tbl0045){ref-type="table"} ).Table 9The best copula models according to the model selection criteria.Table 9Graphical methodsMAE and SSEInformation criterionGoodness of fit testsS&P500Normal / Student-tNormal / Student-tStudent-tNormalSTOXX50Normal / Student-tNormal / Student-tStudent-tNormalNIKKEINormalNormalStudent-tNormalCSI300NormalNormalStudent-tNormalHSINormal / Student-tNormal / Student-tStudent-tNormal[^7]

According to these results, we can conclude that in normal market conditions the Bitcoin might act as a *hedge* asset against the movement in all international stock markets considered, although, in the case of Hong Kong and China, the dependence is somewhat stronger than the observed for the rest of the markets. This result could be explained because China has become the world's leader in Bitcoin mining, with 70 % of its computing power located in the country. This country also has more patents related to blockchain and cryptocurrency than any other and has three times as many as the United States, the nation with the second most patents. The number of blockchain and crypto patents coming from China has almost quintupled since 2016.[20](#fn0100){ref-type="fn"} The popularity of Bitcoin and other cryptocurrencies is not exclusive to China, in other countries such as Hong Kong, Singapore, and South Korea, trading in Bitcoin has grown enormously.

The Student-t distributions, which fit well the data in many markets, indicate that the dependence between markets increases in extreme market conditions suggesting that Bitcoin's role as a *hedge* asset might not work in a crisis period, becoming a simple *diversifying* asset.

The results provided by the elliptical constant copulas are similar to those provided by the linear correlations analysis with the difference that copula analysis (Student-t) provides additional information about the tail dependence.

This result is coherent with the facts observed in the recent crisis caused by the COVID-19 pandemic. During this period, the financial markets, including the Bitcoin market, moved in lockstep, with major joint declines. In fact, recent studies ([@bib0125]; [@bib0120]) show that incorporating Bitcoin into a well-diversified portfolio during the COVID-19 crisis has increased the risk assumed by investors.[21](#fn0105){ref-type="fn"}

### 4.3.1. Time-varying copula models {#sec0060}

In the above section, we use constant copula models to assess the dependence structure between Bitcoin and some international stock markets. As the dependence might change along the period it would be interesting to estimate copula parameters daily to which we use the Eqs. [(9)](#eq0085){ref-type="disp-formula"} to (11). The parameter estimations for the elliptical copula are reported in [Table 10](#tbl0050){ref-type="table"} . In this table, we do not include the parameters associated with the Archimedean copulas (Clayton, Gumbel, and Frank), as we show in the above section that the dependence structure of the multivariate distribution Bitcoin-stock returns is not well represented by this parametric family. However, they are available upon request.Table 10Time-varying copula specification and estimation.Table 10Gaussian copulaStudent-t copula$\omega$$\beta$$a$$\omega$$\beta$$a$$\nu$S&P5000.001 (0.004)1.813 (0.280)0.020 (0.028)−0.120 (0.257)−1.501 (0.639)2.368 (1.036)2.010 (0.293)STOXX500.007 (0.054)−0.279 (8.445)−0.038 (0.217)−0.010 (0.019)1.738 (0.218)0.143 (0.112)2.010 (0.296)NIKKEI−0.006 (0.010)1.696 (0.377)0.034 (0.045)−2.263 (0.039)−2.252 (0.331)−0.541 (0.385)2.010 (0.000)CSI3000.036 (0.084)0.420 (3.332)−0.048 (0.168)0.424 (0.531)1.495 (0.959)0.643 (0.361)2.010 (0.000)HSI0.022 (0.068)−1.076 (0.752)−0.422 (0.222)3.429 (0.070)−0.475 (0.020)6.374 (0.191)2.010 (0.000)[^8]

Overall, the parameter that captures the persistence in copula parameter ($\beta$) is positive and statistically significant although the Student-t copula model is mostly negative. The interpretation of those values is harder than in a GARCH model due to the transformation needed to keep the time-varying parameter in a region of the parameter space.

Although the copula parameter of the elliptical copulas is directly comparable, because of the similitary with the results reported in the above section, we focus our study on Kendall\'s $\tau$ associated with these parameters.

[Fig. 5](#fig0025){ref-type="fig"} illustrates the dynamic of Kendall's $\tau$ given by the Gaussian copula. The first thing that catches our attention is that overall, Kendall's $\tau$ are very stable, remaining close to the value estimated by the constant copula. Therefore, we do not observe a changing trend in the dependence structure estimated between these markets throughout the period. Besides, in this Figure, no significant changes in the level of dependency common to all markets are observed.Fig. 5Kendall's tau from time-varying Gaussian copula.Fig. 5

In the particular case of the Chinese and European markets Kendall's $\tau$ move in a range of (0.00, 0.02) and (0.00, 0.01), respectively.[22](#fn0110){ref-type="fn"} For the US, Japanese, and Hong Kong markets, the dependence structure is somewhat more volatile, alternating positive and negative values, although this moves in a very narrow range: (± 0.06) for HSI, (−0.05, 0.02) for NIKKEI, and (−0.03, 0.04) for SP500.

Although we observe that the dependence structure is time-varying, the range of fluctuations is so narrow that the economic implications given by this model do not change regarding these given by the constant copula model. Thus, according to the time-varying Gaussian copula Bitcoin might act as a *hedge* asset against the movement in all the international stock markets.

[Fig. 6](#fig0030){ref-type="fig"} illustrates the dynamics of the Kendall's $\tau$ derivated from the time-varying Student-t copula for the US, Europe, and Hong Kong markets.[23](#fn0115){ref-type="fn"} In the case of the US stock market, the dependence parameter derivated from time-varying Student-t copula, unlike the Gaussian copula, experiments important changes along the period moving in a range of ± 0.33. Sixty percent of the days return a negative value, and the rest positive. The dependence degree estimated for the European market is also very volatile, moving in a range of (-0.15, 0.13) with 58 % of the days taking negative values. According to this model, the role of the Bitcoin as a *hedge* asset against these two markets might fail on a high percentage of days.Fig. 6Kendall's tau from time-varying Student-t copula.Fig. 6

In the case of the Hong Kong stock market, Kendall's $\tau$ exhibits a high degree of volatility moving in a range of (−0.17, 0.33), being positive the majority of the days (86 %). This indicates that Bitcoin only acts as a diversifier asset against the movement of the Hong Kong stock market. As noted above, this might be due to the strong presence of the Bitcoin industry in this country.

The time-varying copula analysis reveals that the dependence varies with time meaning that investors frequently change their portfolio structure. In addition, the time-varying Gaussian copula corroborates the results returned by the Gaussian constant copula. According to this copula, Bitcoin might act as a *hedge* asset against the stock price movements of all international stock markets analyzed. However, the time-varying student-t copula analysis reveals that for some markets, the role of the Bitcoin as a *hedge* asset might fail on a high number of days.

5. Conclusion {#sec0065}
=============

In this study, we analyzed the time-varying properties of the Bitcoin as a *diversifier* asset and a *hedge* asset against some international stock market indices movements. For this study, we have used daily data of Bitcoin and five stock market indices: S&P500 (US), STOXX50 (EU), NIKKEI (Japan), CSI300 (Shanghai), and HSI (Hong Kong). We choose stock market indices from different geographic areas with the idea that Bitcoin might play different roles in investment portfolios depending on specific market conditions. The analysis period runs from August 18, 2011 to June 31, 2019.

First, we analyzed some statistical properties of Bitcoin. The harvest results corroborate those reported in the literature. The Bitcoin return distribution is skewed to the left and exhibits a high degree of kurtosis, even higher than the stock market indices distribution. In all cases, the value of the Jarque-Bera statistic indicates the departure from normality. In a comparison of several distributions, Student-t, skewed Student-t, general error distribution (GED), and skewed GED, we find that the Student-t distribution is the best in fitting Bitcoin returns. Also, we observe that Bitcoin volatility tends to be higher after positive returns which is a characteristic of a safe haven asset such as gold. Addressing this question, we believe that additional research must be conducted.

To model the dependence structure between Bitcoin and the stock market indices, we examine several constant copula models: Gaussian, Student-t, Clayton, Gumbel, and Frank. We find that the elliptical copulas (Gaussian and Student-t) provide the best fit to the dependence structure between the considered return series.

According to the elliptical copula, we can conclude that in normal market conditions the Bitcoin might act as a *hedge* asset against the movement in all international stock markets considered, although, in the case of Hong Kong and China, the dependence is somewhat stronger than that the observed for the rest of the markets. The Student-t copula, which fits well the data in many markets, indicates that the dependence between markets increases in extreme market conditions, indicating that Bitcoin's role as a *hedge* asset might not work in a crisis period, becoming a simple *diversifying* asset. The synchronicity shown by Bitcoin and the international stock markets during an ongoing COVID-19 pandemic, where all have collapsed, is an example of this.

The results provided by the elliptical constant copulas are similar to those provided by the correlations analysis with the difference that copula analysis (Student-t) provides additional information about the tail dependence. Moreover, the time-varying copula analysis reveals that the dependence varies with time, meaning that investors frequently change their portfolio structure. In addition, the time-varying Gaussian copula corroborates the results returned by the Gaussian constant copula. According to this copula, Bitcoin might act as a *hedge* asset against the stock price movements of all international stock markets analyzed. However, the time-varying Student-t copula analysis reveals that for some markets, the role of the Bitcoin as a *hedge* asset might fail on a high number of days. These results should be taken into account by investors when making portfolio selections and planning asset allocation.

Last, we want to mention that this study has been done with pre-COVID-19 crisis data. To corroborate the findings obtained in this study, as part of future research, it will be interesting to explore the properties of Bitcoin during the COVID-19 pandemic, keeping in mind that this is the first period of significant turmoil in the financial markets since Bitcoin began trading.
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Scatter plots between the empirical copula (S&P500, STOXX50, NIKKEI, CSI300, and HSI) and the parametric copula (Clayton and Frank).

Bitcoin is considered the first large-scale implementation of blockchain technology. The Bitcoin blockchain was designed to allow fast and secure transactions and, at the same time, maintain the anonymity of users, using a public record book that authenticates transactions between economic agents without the need for a central entity that proves the movement of funds ([@bib0275]).

According to the traditional definition, a currency has three main properties: (1) it serves as a medium of exchange, (2) it is used as a unit of account, and (3) it allows to store value ([@bib0025]). This last characteristic let us consider Bitcoin as an asset.

The high return offered by the Bitcoin is also accompanied by high risk, so the investment in this currency is classified by the ECB as very risky ([@bib0170]).

The Efficient Market Hypothesis (EMH) is the cornerstone of financial economics, as most theories developed for asset valuation assume this hypothesis.

Although overall most papers conclude that Bitcoin's price does not depend on macroeconomic factors a recent paper has provided support against this hypothesis ([@bib0270]).

See [@bib0400]; [@bib0175]; [@bib0310]; [@bib0105], and [@bib0110] among others.

The time-varying nature of the Bitcoin's properties as a diversifier and hedge has also been studied by [@bib0370] and [@bib0045].

Although it is possible to model the dependence structure using original returns some studies point that it is more appropriate to study the dependence structure after filtering out the autoregressive and heteroskedastic behavior of the data (see [@bib0205]; [@bib0240], and [@bib0315]).

In this study we asume a Student-t distribution for modelling return because as we'll show later, in a comparison with others fat tail distribution the Student-t is the best in fitting data.

For the Student-t copula we assume that the number of degrees of freedom is constant ([@bib0155], p. 932, and [@bib0330]) and only the correlation parameter is time-varying.

The scaling factor $(T/(T + 1))$ is only introduced to avoid potential problems with $C_{\theta_{T}}$ blowing up at the boundary of $\left\lbrack 0,1 \right\rbrack^{n}$.

[@bib0120] point out that there are reasons to believe the properties of the Bitcoin as a safe haven or hedge asset may vary internationally. They argue that there have been a number of papers investigating the relationship between Bitcoin returns and the movement in global economic uncertainty (see, [@bib0390]; [@bib0380]; [@bib0075], and [@bib0130]). As policy uncertainty are country-specific, these studies motivate an analysis of the properties of Bitcoin internationally.

This behavior is typical of a speculative asset.

These percentages are calculated as $100*$($I_{31 - Jun - 2019\,} - I_{18 - Aug - 2011})/I_{18 - Aug - 2011}$, where $I_{t}$ represents the value of the Index in the time "t".

This paper studies the volatility of gold and demonstrates that there is an inverted asymmetric reaction to positive and negative shocks, i.e. positive shocks increase the volatility by more than negative shocks. The paper argues that this effect is related to the safe-haven property of gold.

We calculate the Kendall's $\tau$ following the relationships presented in [Table 2](#tbl0010){ref-type="table"}.

Clayton and Gumbel copula cannot capture negative dependence. So, in order to explorer that possibilitity we have estimated the rotated Clayton 90 copula and rotated Gumbel 90 copula which can capture independence and negative dependence. The dominion of rotated Clayton 90 copula parameter, denoted by $\widehat{\alpha}$ is $\left. ( - \infty,\, 0 \right\rbrack$. If $\widehat{\alpha} = 0$ we have independence while $\widehat{\alpha} < 0$ we have negative dependence. The dominion of rotated Gumbel 90 copula parameter, denoted by $\widehat{\delta}$, is $\left. ( - \infty,\, - 1 \right\rbrack$. If $\widehat{\delta} = - 1$ we have independence while if $\widehat{\delta} < - 1$ we have negative dependence. In all cases, the parameter of the rotated Clayton copula is equal to zero while the parameter of the rotated Gumbel copula is equal to -1.01. Both estimations exclude the possibility of a negative dependence between all indices-Bitcoin returns pairs. We do not include the parameter estimations for space reason but they are available for any request.

Again, the parameters of the rotated Clayton and Gumbel copulas 90 exclude the possibility of a negative dependence between Bitcoin and NIKKEI.

Despite the fact that in this work we use several criteria to select the best copula model, the results are not conclusive. So additional research in this area should be done.

The stronger relationship detected between the Bitcoin market and the Chinese stock market could also be explained by the high popularity that Bitcoin has in the Asian country. This popularity can be explained in turn by factors such as the government's stringent control of the yuan, the instability of the yuan, and the growth of private wealth, leading some to look for alternative currencies.

Curiously, the results obtained by [@bib0200] move in another direction. Using continuous wavelet power spectrum and coherence methodologies, they examine the relationship between daily deaths from COVID-19 and the price of Bitcoin, finding a negative relationship between those two events.

These values correspond to the empirical percentiles 1% and 99% of the Kendall's $\tau$ series, respectively.

We exclude the analysis for Chinese and US markets because for these markets the Gaussian copula outperformed clearly the Student-t copula.

[^1]: *Note*: $D_{1}(\theta_{t}) = \frac{1}{\theta_{t}}{\int_{0}^{\theta_{t}}{\frac{t}{exp(t) - 1}dt}}$ (Debye function).

[^2]: *Note*: Std. Dev. is the standard deviation, Min and Max are the minimum and maximum of the time series. ARCH(3) is the test for autoregressive conditional heteroskedasticity by [@bib0160] at the 3 lag. Coef. Corr. is the Pearson coefficient correlation. Sharpe ratio is the Mean and Std. Dev. ratio.

[^3]: Standard deviations reported in parentheses. ARCH test for squared standardized innovations. The critical values at a 5% significance level for ARCH(3) and ARCH(5) are 7.8147 and 11.0705, respectively.

[^4]: \*Significance at 10 % level, \*\* significance at 5% level, and \*\*\* significance at 1% level.

[^5]: *Note*: LL denotes the Log-Likelihood, AIC denotes the Akaike information criterion, BIC denotes the Bayesian information criterion, HQIC denotes the Hannan-Quinn information criterion, and SIC denotes the Shibata information criterion.

[^6]: MAE denotes the mean absolute error, SSE denotes the sum of the squared error, $S_{T}$ denotes the rank-based versions of the Cramér--von Mises test based on empirical copula, $S_{T}^{K}$ and $T_{T}^{K}$ denote the rank-based versions of the Cramér--von Mises and Kolmogorov-Smirnov tests based on Kendall's transform. All goodness of fit tests were run with 1000 simulations. The shadow cells indicate copulas with the lowest values of MAE and SSE. The bold figures indicate the cases in which the null hypothesis $H_{0}:C \in C_{0}$ that the dependence structure of a multivariate distribution is well represented by a specific parametric family $C_{0}$ of copulas.

[^7]: Graphical methods: scatter plot of the parameter copula and empirical copula. MAE denotes the mean absolute error and SSE denotes the sum of the squared error. Information criterion: Akaike information criterion (AIC), Bayesian information criterion (BIC), Hannan-Quinn information criterion (HQIC), and Shibata information criterion (SIC). The goodness of fit tests: one test based on the empirical copula ($S_{T})$ and two tests based on Kendall's transform ($S_{T}^{K}$, $T_{T}^{K})$.

[^8]: *Notes*: The table provides information on maximum likelihood parameter estimates and standard deviation (in parentheses) for the copula models in Eqs. [(9)](#eq0085){ref-type="disp-formula"} and [(10)](#eq0090){ref-type="disp-formula"}. The standard deviation of copula parameters has been computed following the sandwich form presented in [@bib0320].
